Wa,velet a,na,lysis is a.pI•lied to detect a.nd cha, ra.cte,'ize singula, r events, or singula, rities, or jerks, in the time series ,,•a,de of the last centu,-y monthly mean values of the east component of the geomagnetic field fi'om Europea, n observa.tories. After choosing a, wel!-a,da,pted wavelet function, the analysis is first performed on synthetic series including a,n "inte,'na,l", or 'hnain'.', signal ma,de of smooth variation intervals sepa.rated by singnla, r events with different "regula, rities", a white noise and an "externa.l" signa.1 ma,de of the sunt of a few ha, r,nonics of a, long-period va,ria.tion (11 yea,rs). The signa.tures of the ,hain, noise, a.nd ha,rmonic signals a,re studied and compared, and the conditions in which the singular events ca,n be clea,rly isola, ted in the composite signa,1 a,re elucida,ted. The,t we a,lq•ly the n•ethod systema,tica.lly to the real geoma,gnetic series (monthly meaats of Y f,'om Eurolma. n ol>serva,t. ories) a,nd sl•ow that five a.nd only five re•a,,'ka,l•le events a.re fo•nd i • 1901, 1913, 1925, 1969, and 1978. The cha,ra,cteristics of these singula,rities (i•t l•a,rticula,r, homogeneity of some derived functions of the waarelet tra.nsibrn• over a. la.rge ra,nge of timesca.les) demonstra.te tha.t these events ha.ve a. si•tgle source (of course, inte,'na.1). Also the events a, re more singula.r thaa• wa.s l•reviously S•l•l•osed (their "regula,rity" is closer to 1.5 tha,n to '2., indica.ting tlta.t noirinteger I•owers of ti•t•e should be used in representing the time series l•etween the jerks). thought to be restricted to periods longer thaa• 1 yea. r (Curtie [1966, 1968] suggested a. cut,,ff a,t 3.7 y• ars), the shorter periods being attrilnm•(1 to external s(mrces. However, it had a.lso been known for some time (a,s early = Fisk [193•]) that clear so!a,r cycle (11 yea, rs) etthct• the earlier spectral separation was at least partly incorrect. These solar cycle effects were investigated and confirmed by many authors, among them Courtillot and Le Mou}'l [1976a,b], who modeled the secular variation with a smooth parabolic trend and interpreted the residuals • solar-related effects. This model was consistent Col)yright 1995 l,y the Americmt (.4e•qdtysical l.l•ti(m. Paper munl•er 95JB0(•314. 0! 48-0227/95/95 J B-()0314 with the 1947-1967 data, but dif•culties arose with the data of the late 1960s, leading Courtillot et al. [1978] to use two successive parabolic trends instead of a single one. The change of trend oc, curred in 1970 and implied that contrary to prior belief, the main field could experience changes on timescales of 1 year or less. This discovery has since been confirmed by many authors (see the review by Courtillot and Le Mougl [1988] for a historical perspective), and the sudden change of trend is now known as the "1970 jerk" [Malin et al., 1983]. Subsequent studies have focused on the worldwide extent of the event [e.g., Chau et al., 1981; Le Mou•;l et al., 1982; McLeod, 1992] and its origin [e.g., Alldredge, 1984; Nevanlb,na, 1985; Backus et al., 1987; ,.qtewart and Whaler, 1992]. Spherical harmonic analysis [e.g., Midin and Hodder', 1982; Cubbins, 1984; McLeod, 1985 McLeod, , 1992 are in favor of an internal origin for the jerk, although these analyses do not allow separation of the main field from those induced in the conducting mantle by external sources.
tion to this field is the one, known as the "main field", generated by the geodynamo I)rocess which takes lfiace within the core. The time va,ria.tions of tl•is field, the secular va,ria. tion, ma, inly occur (m deca,de a,ml l•,l•ger timescales, and its tempora.1 sI•ectrmn w• (•rigi•a,lly of the corresponding contribution produced a smoother residual signal nevertheless displaying a very sharp jerk, implying an event duration shorter than a year. Alldredge [1984] also discussed the identifica. tion of the jerk and argued that discontinuities in the second time derivative of the field are not determined by the analysis but constitute an a priori assurnption. This prompted Backus and Hough [1985] and Backus et al. [1987] to carry out some tests using m•mh smoother fi•nctions to model the main field; they concluded tha.t the jerk model leads to no better but no worse description of the data. In their review, Cour'tillot and Le Mou&'! [1988] give evidence for a slight advantage in favor of the jerk model which is now generally accepted as the working model for sudden events in the main field [Stewart, 1991] . Several other such events have been reported in the literature in 1913 [Ducr'uix et al., 1980 ], in 1978 [Gavor'et et al., 1986 Gubbins and Tomlinson, 1986] and at possibly other epochs [e.g., Golovkov et al., 1989; Stewart, 1991; McLeod, 1992 ], but none have been scrutinized with as much intensity as the 1970 event.
The present paper intends to cast a completely different light on the subject. Admitting that sudden events of some unknown nature and at, undefined da, tes ma,y have occurred in the Earth's geomagnetic field, we wish to detect and characterize these events independently of any a priori information. Wavelet analysis is suited to this purpose since it can detect localized events without requiring a priori assumption. One fi•rther advantage of this analysis is its special sensitivity to localized events which we will refer to as singularities and define a,s discontinuities of some c• derivative of the signal (•, the regularity of the singul,[rity, being not necessarily an integer). If such a singularity is included in the siõna.1, wavelet analysis can detect it, give the time at which it occurred, a,nd provide a measurement of the regularity c•. Jerks, from now cleftned a,s a,ny singula, rity occurring within the main field, can be studied in a more general way'. The next, section of this paper describes how the wavelet, transform can be used to detect, a,nd cha,ra, cterize singularities in time series when both noise and harmonic components are also present, in the dat'a. Detailed synthetic examples and nmnerous figures sho•fid help the reader to evaluate the limits of the method. The following section presents the Y monthly mean va.1ues analysis of the geoma,gnetic field series fi'om 12 European observatories.
Theoretical Background

Detection of Singularities WitIx Wavelets
In order to make this paper self-consistent, we only introduce the wavelet transform and recall its main properties with respect to the study of abrnI)t changes in signals [Grossma,,n, 1986; Gro,ssmann et al., 1987] .
More recent apI>lications are given by Mallat and Hwa•,g [1992] , and references therein. The reader interested in the wavelet, transform from a, more genera,1 point of view is referred to Meyer [1990] and Dav, bechies [1992] . The wavelet transform appeared as a section of mathemati. cal analysis about 10 years ago (see Meyer [1990] for a historical perspective) after the pioneering work of the geophysicist Jean Morlet [Goupil!aud et al., 1984] and consists in expanding signals upon well-localized oscillating functions called "wavelets". The major characteristic of the wavelets is that all members of a given wavelet, family are generated by translating and dilatinga given initial wavelet,, •p (•t)n, dCalled the "analyzing wavelet". The localization characterization of singularities are best, done with the continuous wavelet transform which is translation invariant and allows an optimal focusing on the sharp variations present in the signal.
We are interested in detecting singularities resulting from a discontimfity of the at, h derivative of the signal, a being eventually a noninteger positive number. However, in practice, we will have to deal with "imperfect" data, and a number of difficulties will arise because ac,tual data are both noisy and made not only of singularities. This will generate complications in the analysis procedure which we need to understand. It is not our aim to study this problem in the most general case, and we will make the assumption, realistic in geomagnetic studies, that, the data series are the sum of a "main signal" including singularities Whose regularities are t,o be found, of a "long-period harmonic signal", and of noise. The analyzed signal is then supposed to have the following canonical structure .f (t) --fi (t -t,,)+ + c (t) + n (t), croscope both to detect singularities and to analyze the local regularity of signals. Grossmann [1986] gives an approach to detect sing•fiarities with a complex analytical wavelet, and indicates that in the vincinity of an isolated sharp variation located at to, the lines in the timescale halfplane (t, a) where the phase remains constant converge to the time to when a $ 0. Sharp variations can also be detected by using the modulus IWI (t, a)l of the wavelet, transform along these lines of constant, phase. An alternative approach using real wavelets is followed by Mallat and Hwang [1992] , who characterize singularities by studying the variations of the absolute value of the wavelet, coefficients along lines of maxima. The method explained in the present, paper is more reminiscent, of this latter approach. The linearity of the wavelet, tra,nsform gives (t, o,) + w,, (t, (,),
and we will first explore the ways by which the information characterizing the singularity can be recovered from the wavelet, transform W (t -•(i)+. The other two terms in (4) will be discussed later. Let us consider that the analyzing wavelet can be expressed as the nth derivative of an everywhere positive, 
localized, and C •>'• function d (t). The wavelet trans-
which converge toward the time t0 at which the singu-!arity occurs. We can then define the "ridge fitnction", rj, as the absolute value of the wavelet transform along a given line of maxima: In the following numerical computations the input signal is evenly sampled with a 1-month interval, which we shall hereafter adopt • the unit of time, and local maxima are detected by direct comparison with the previous and next sampling points. Strictly speaking, it is not permitted to discuss pure singularities for sampled signals, and we must instead say that at the sampling resolution, the signal behaves as if it had a discontinuity at t0, although it is possible that it is continuous but h• a sharp transition which is not visible at this finite resolution. We can only compute the wavelet transform at scales a ) amin, where amin must be such that the narrowest wavelet is properly sampled. On the other hand, the finite length of the signals limits the maximum scale am•x available. In practice, this upper boundary is controlled both by the limit beyond which convolutional edge effects become intolera.b!e and by the proximity of the different singularities present in the signals. The sampling along the dilation axis is not governed by any law for this kind of applications of the wavelet transform. It must be both fine enough to allow for an easy tracking of the lines of maxima and coarse enough to reduce the computational burden. In the present study, we exponentially sampled the dilation axis with a multiplicity of 20 samples per octave.
If we want to estimate reg•fiarities smaller than a.n integer m, we need a wavelet with at least m vanishing moments (see equation (5)). A wavelet with m vanishing moments has at least m + i extrema. In order to both reduce the amo•nt of computation and improve the readM)ility of the results, we would like to minimize the number of maxima required to detect the interesting abrupt changes in the signal. We must choose a wavelet with as few • possible vanishing moments compatible with the maximum regularity we look for. The results presented in this study were obtained with the analyzing wavelet produce ridge functions whose more or less complicated shapes depend on the relat, ive balance bet, ween these three kinds of signals forming t, he dat, a (equation (1)). >_ 2u"•), a , -1.42 (a >_ 22'8), a.nd a,-2.01 (u >_ 22'7) , respectively.
We now need t,o elaborate some criteria, t,o safely decide whet, her or not a given ridge function is mainly created by a singularity. R,elying on roles played by the signal components considered in t, he previous three sections, the ridge functions can be classified into three types:
The influence of a random noise is limited to the sma.ll dilations and rioes not, destroy the overall pattern of the ridge functions. This type of ridge functions will be principally due to the harmonic component. Figure 14) or by harmonic components (case 3 in Figure  14) . Ridge functions mainly due to the harmonic signal and lacking the characteristic decrea,se for a > 2 because of the influence of a nearby singularity are also encountered (cases 7 and 12 in Figure 14) . Ridge functions displaying a linear trend with a negative slope (i.e., a < 0, case 2 in Figure 14 , or case 6 in Figure 8 ) also fall into type 3 since they cannot, be safely attrilmt, ed to either a noisy singularity or to pure noise (compare c•es 1 and 6 in Figure 8) . Froin a practical point of view, detecting and a,na ,lyzing a singula,rity will consist in looking fbr ridge tions of type 1 and studying its littear portion. As consequence also, only singu!a, ries with ½• > 0 can expected to be recovered.
Type 3 is for cases not, clearly falling in either type 1 or 2. This will be especially tl•e case for ridge functions caused by singularities with (• •_ 0 (c•es 5 and 6 in
Real Data Analysis
We now apply the wavelet a. nalysis to real geomagnetic series. Of course, possible ma,n-made singularities introduced by poor baseline control or poor ,correction for change of site may Mso be detected. As we wish not to confuse them with geophysically significant events, data series from several i•tdependent and nearby observatories are processed in pa.rallel. We therefore decided to process the data fi'om European observatories only (Figure 4c ). This is particularly clear in the quiet period froIn 1925 to 1969 where no strong event appears and confirms the results obtained by Ix'er'ridge. and Barmclough [1985] . Figure 17 represents the 14 lines of maxima which go beyond a = 2 '•, and the corresponding ridge fhnctiolts are displayed in Figure 18 where one can recognize tlte three basic tyIfica.1 styles discussed in the preyfinis section. Type 1, cha.racteristic. of pure singularities (see ridge ill]tot, ions 4 and 5 in Figtire 83, applies to ridge timorions 1, 2, 4, 13, and 14 (Figure 113, a,pplies to ridge f•mc. tions labelled ?,,  5, 6, 9, 11, and 12 in Figtire 18. Type 3 a. pplies to the  ridge functions 7, 8, al•d 10 . Therefbre the five strong events which we previonsly described a.s being rela. ted to published jerks a, re obvio•lsly created by singulari- slopes computed for ridge functions 1, 2, 4, 13, and 14 are • -1.(41, 1.47, 1.51, 1.65,   and 1.60, respectively, for 1.51, 1.54, 1.27, and 1.20, respectively, for a > 2 The 1969 Figure 22 ). Of course, fitture additional data will help make this picture clearer. The present, results, however, suggest that, a singularity is indeed responsible for the 1978 event.
Discussion and Conclusion
The abn of the present paper is not so much to "rediscover" the well-known fact that geomagnetic time series have experienced a number of so-called jerks during the present century as to answer a number of doubts and questions that have been expressed about, for instance, the reality and source nature of these jerks. indeed, making use of wavelet analysis in the w•y we described brings a number of important and, we believe, convincing answers. and only five singularities during the last, century: 1901,  19!3, 1925, 1969, and 1(.) 78. All those events had been previously pointed out using more cl•sical techniques, Mthough in an heterogeneous and sometimes debM, able way. In contrast,, the present analysis is carried out homogeneously and without the help of any a priori information. The more subtle possibility of sharpening the jerk with some addit, iona.1 external signal (.'.an also be discarded. This reinforces the notion that jerks are of an internal nature. Indeed, all singularities detected in the geomagnetic series show ridge fi•nct, ions whose line•rity extends from time constants of the order of 2 years till time constants of decades. Such a constant value of the slopes for this whole range of scales establishes that these events are due to a single coherent, source. One can hardly believe that the detected events could possess an accurate self-similarity resulting systematically and by chance from a sharp external variation superimposed on a smoother int, ernal one. The lack of linearity of the ridge functions for time constants shorter than 2 years can be interpreted in view of the study that was carried out with the synthetic harmonic signal. It shows that the strong annua,1 harmonic component, controls most of the ridge fi•nctions in the small-dilation range (compare for instance Figures 14 and 21) which also happens to be most sensitive to noise. The signal eventually created by the singularity at small dilations is therefore hidden. Thus the singularities we detected deftnitely occur in less than 2 years.
Our wavelet, analysis of the geomagnetic series issued by European observat, ories unambiguously isolates five
A last, interesting result is that the events are more singular than jerks (with the retained acceptance of the -1.65, 1.65, 1.64, 1.72, 1.77, 1.56, 1.76, 1.39, 1.69, 1.65, 1.70,   and 1.82. term for which c• = 2). Although the regnlarit, ies are not, determined with a very high accuracy, this curacy is good enough to show that the c• are alwa,ys significantly less than 2 and usually close to f, he vM•te 1.5. When applied to the synthetic signal, the analysis brings the practica,1 res•t!t,s for (• (see Figure 14) of- 1.29, 0.11, 0.08, 0.99, 1.09, 1.42, a, nd 2 .01 instead of the theoret. ica.1 values-1, 0, 0, 1, 1, 1.5, and 2 , computed for a >_ 2 a'5, are c• -1.58, 1.08, !.47, 1.68, 1.42,  1.37, 1.50, 1.29, 1.26, 1.21, and 1.41. this resnit into account. One can first think of studies in the spirit of the one ca.rried out by Backvs [1983] , which assumes that the observed characteristics of the jerks are the result of a rather pure core signM distorted by the slightly conducting mantle; an approach that c.a,n lead to a number of interesting constraints for the value of the conductivity within the 
